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ABSTRACT

The typical procedure for the determination of output, price, and profit associated
with the single-price alternative to 3rd-degree price discrimination found in inter-
mediate texts, managerial texts, and other texts concerned with pricing works well
under certain specifications with respect to revenue and cost, but not all. It is over-
simplified and, as such, unreliable for the determination of output, price, and prof-
it, dependent on arbitrary, but specific, choices of values for the parameters of
associated revenue and cost functions; and is, therefore, at least non-general.
Suggestions for course presentation of the single-price alternative, given the recon-
sideration of the procedure for the determination of output, price, and profit and
the computation of a discriminating critical value developed in this paper, are eas-
ily inferred. Illustrations are provided throughout.

1. INTRODUCTION
The benefit to a firm that engages in 3rd-degree price discrimination is often
claimed to be made clear in course presentations by a comparison of results
with respect to the output, price, and profit under price discrimination to such
results associated with the single-price alternative to price discrimination.
However, for the results associated with the single-price alternative to be
appropriate for such a comparison in the establishment of the claimed bene-
fit of 3rd-degree price discrimination, the results for the alternative must, of
course, be reliable with respect to the profit-maximising levels of output, price,
and profit under that alternative. In this regard, it is shown in this paper that
the particular levels of output, price, and profit for the single-price alternative
derived from the procedure typical of intermediate texts, managerial texts, and
other texts concerned with pricing are unreliable, dependent on arbitrary, but
specific choices of values for parameters of revenue and cost functions, and,
therefore, at least non-general. See, for example, Baye (2006), Png and
Lehman (2007), Keat and Young (2008), Hirschey (2009), Fisher et al (2010),



and Thomas and Maurice (2010). Suggestions for course presentation of the
single-price alternative, given the reconsideration of the procedure for the
determination of output, price, and profit and the computation of a discrimi-
nating critical value developed in this paper, are easily inferred. Illustrations
are provided throughout.

There is a considerable literature with respect to the welfare conse-
quences of 3rd-degree price discrimination, in general, both pro and con. This
is so, in particular, with respect to the welfare consequences for consumers in
relatively small markets not otherwise served under the single-price alterna-
tive to 3rd-price discrimination that provides insight for this reconsideration.2
In a paper by Layson (1994), following the work of Battalio and Ekelund (1972)
in which a geometrical analysis is provided, algebraic conditions are offered for
the determination of whether or not consumers in small markets otherwise
not served under the single-price alternative would, indeed, be served under
3rd-degree price discrimination. Nevertheless, although such a systematic
consideration of the specific conditions under which price discrimination
would include consumers not previously served exists in the literature, and is
well done, and despite previous qualifications, it has long been thought in the
specific case of independent demands and constant marginal costs that firm
output is invariant to the application of 3rd-degree price discrimination.3

Recent literature4 that exists in particular with respect to course pre-
sentations of the consequences of the application of 3rd-degree price discrim-
ination clearly indicates that the long-standing belief of invariance continues.
The reconsidered method of solution for the levels of output, price, and profit
presented in this paper for the single-price alternative, to which the results
under price discrimination may be compared in a parameterised model, are
indicated, below. Such a reconsidered method of solution is more thorough
than the typical method of solution common to the various microeconomic
texts.

2. INITIAL CONDITIONS AND STANDARD PRACTICE
In standard practice, to establish a basis for comparison, consider conditions
in which the demands in markets, R and S, are given, for example, by specif-
ic, parameterised equations, such as:

pr = 12 - 0.5 * qr

and
ps = 8 - 0.5 * qs

where pr and ps are prices per unit and qr and qs are individual market quan-
tities in markets, R and S, respectively.5 For ease of exposition, let average
and marginal cost be equal to a constant, K.   As such, associated profit under
3rd-degree price discrimination, πdiscrimination, is defined by the equation:
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πdiscrimination = pr * qr + ps * qs - K * (qr + qs )

See Figures 1, 2A and 2B for illustration.  With respect to Figure 2A, a suc-
cessful implementation of 3rd-degree price discrimination is shown to exist.
Note the various solutions, described below.

For profit-maximisation under 3rd-degree price discrimination, the partial
derivatives of the defined profit function with substitution:

πdiscrimination = (12 - 0.5 *qr ) * qr + (8 - 0.5 * qs ) * qs - K * (qr + qs ), (4)

with respect to qr and qs, are set equal to zero and are as given below:

πdiscrimination /   qr = 12 - qr - K = 0 (5)

and

πdiscrimination /  qs = 8 - qs - K = 0. (6)

Solving:

qr = 12 - K (7)

and
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Figure 1: Profit Maximisation in Individual Markets

(3)



qs = 8 - K, (8)

provided that qr and qs are equal to or greater than 0.  For example, where K
= 4, then: 

qr = 8 and qs = 4.  Where K = 6, then qr = 6 and qs = 2.

Graphically, individual market demand curves and associated individual mar-
ginal revenue curves are, respectively, horizontally summed as indicated in
Figures 2A and 2B, where ATC and MC are each equal to 4 and to 6, respec-
tively. At the intersection of the marginal cost curve and the summed margin-
al revenue curve, MRs+r, the total quantity of output is indicated. Individual
market quantities are, then, determined by equating respective marginal rev-
enue curves with marginal cost at the total quantity of output, previously
specified. Prices are, then, determined by reference to individual demand
curves at individual market quantities, respectively. Given the values for qr

and qs, where K = 4, for example, pr = 8 and ps = 6.  Where K = 6, then pr = 9
and ps = 7.  Profit is computed as indicated, above, by equation (3).   As such,
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where K = 4, for example, πdiscrimination = 40.  Where K = 6, then πdiscrimination = 20.
Again, see Figures 2A and 2B for illustration.

3. A PERFUNCTORY DESCRIPTION OF THE TYPICAL SINGLE-PRICE SOLUTION
For the typical single-price solution found in intermediate texts, managerial
texts, and other texts concerned with pricing as an alternative to 3rd-degree
price discrimination, where associated profit is represented by the symbol,
πtypical single, profit is given by the expression:

πtypical single = (12 - 0.5 * qr ) * qr + (8 - 0.5 * qs ) * qs - K *  (qr + qs). (9)

The partial derivatives of the Lagrange-expressed profit function:

πtypical single = (12 - 0.5 * qr) * qr + (8 - 0.5 * qs) * qs - K * (qr + qs) 
- λ * ((12 - 0.5 * qr) - (8 - 0.5 * qs)) (10)

with respect to qr, qs, and λ, the Lagrange multiplier, set equal to 0 are as given
below:

πtypical single/ qr = 12 - qr - K + λ * 0.5 = 0, (11)
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πtypical single/  qs = 8 - qs - K - λ * 0.5 = 0, (12)

and

πtypical single/  λ = 12 - 0.5 * qr - 8 + 0.5 * qs = 0. (13)

The Lagrange-expressed profit function, eq. (10), sets πtypical single equal to the
sum of revenues less total cost, as defined in eq. (9), and embodies the con-
straint that the prices in each market must be equal, that is, that (12 - 0.5 *
qr) - (8 - 0.5 * qs) = 0.  Solving:

qr = 14 - K (14)

and

qs = 6 - K (15)

provided that qr and qs are equal to or greater than 0.  As such, where K = 4,
for example:

qr = 10 and qs = 2.  Where K = 6, then qr = 8 and qs = 0.

As indicated, above, individual market demand curves and associated
individual marginal revenue curves are, respectively, horizontally summed, as
indicated in Figures 2A and 2B. At the intersection of the marginal cost curve
and the summed marginal revenue curve, the total quantity of output can be
specified. The particular value of price for the single-price alternative to 3rd-
degree price discrimination derived from this procedure common to the vari-
ous microeconomic texts is then determined by reference to the summed
demand curve, Dr+s, at the total quantity of output. Given the value for the
sum of qr and qs, where K = 4, price in this single-price case is equal to 7.
Where K = 6, price in this single-price case is equal to 8. See Figures 2A and
2B. Profit is computed as indicated, above, by equation (9). As such, where
K = 4, for example, note that πtypical single = 36. Where K = 6, then note that: πtyp-

ical single = 16.  Although this typical procedure often ends with such a result as
if it is determinant and final, it is not necessarily thorough and complete.
Consider a more thorough procedure and a substitute for the determination of
the typical profit-maximising single-price solution, below.

3. A MORE THOROUGH SINGLE-PRICE METHOD OF SOLUTION AS AN ALTERNATIVE TO
3RD-DEGREE PRICE DISCRIMINATION
For the more thorough single-price method of solution as an alternative to
3rd-degree price discrimination, maximum profit is determined on the basis of
a comparison of the level of profit associated with the typical method of solu-
tion, above, and the level of profit derived when one market only, that is, mar-
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ket R in this example, is served. Associated profit is represented by the sym-
bol, πtypical single. The derivative, and this is the important insight in this paper,
set equal to 0, as a first consideration, of the one-market profit function:

πalternative single = (12 - 0.5 * qr ) * qr - K * qr, (16)

with respect to qr, only, is as given below:

πalternative single /  qr = 12 - qr - K = 0. (17)

Solving:

qr = 12 - K, (18)

provided that qr is equal to or greater than 0.  As such, where K = 4, for exam-
ple, qr = 8.  Where K = 6, then qr = 6.

At the intersection of the marginal cost curve and the individual mar-
ginal revenue curve, MRr, the total quantity of output is indicated. The par-
ticular value of price for the single-price alternative to 3rd-degree price dis-
crimination derived from this first consideration of this more thorough method
of solution is then determined by reference to the associated demand curve,
Dr, at the total quantity of output. Given the value for qr, where K = 4, price
in this single-price case is equal to 8. Where K = 6, price in this single-price
case is equal to 9. See Figures 2A and 2B. Profit is computed as indicated,
above, by equation (9). As such, where K = 4, then:

πalternative single = 32.  Where K = 6, then πalternative single = 18.

Note, therefore, that by comparison the typical single-price solution is shown
to be unreliable as a measure of the level of maximum profit obtainable for a
single-price alternative, in that respective values for the sum of qr and qs from
the typical solution and for qr , only, from the substitute solution, result in
profits that are greater, i.e., πtypical single =  36 is greater than πalternative single = 32,
where K = 4, but less, i.e., πtypical single = 16 is less than πtypical single =18, where
K = 6, than that associated with the substitute single-price solution depend-
ent, of course, on the specific choice of values for the parameters of the cost
function, i.e., for values of K, given demands for markets, R and S.  As such,
where K = 4, the typical single-price solution results in πtypical single = 36, a value
greater than that associated with the alternative single-price solution that
results in πtypical single = 32, at most.  Where K = 6, however, πtypical single = 16 for
the typical single-price solution, a value less than that associated with the
substitute single-price solution that results in πalternative single = 18, where qr,
only, is produced.  As such, the typical single-price solution and the substi-
tute single-price solution are alternatively unreliable with respect to the level
of maximum profit, dependent on the arbitrary, but specific choice of values
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for K for the cost function, given demands for markets, R and S, and, there-
fore, at least non-general. More generally, and as instruction for course pres-
entation, where πtypical single is greater than πalternative single, take the typical sin-
gle-price solution as the solution for the more thorough single-price solution.
Where πtypical single is less than πalternative single, replace the typical single-price
solution as the solution with the substitute single-price solution for the more
thorough single-price solution.9

4. THE CRITICAL VALUE
Where the profit for the typical single-price solution is given by the equation:

πtypical single = K2 - 20 * K + 100, (19)

by substitution of equations (14) and (15) into equation (9), and the profit for
the alternative single-price solution is given by the equation:

πalternative single = 0.5 *  K2 - 12 *  K + 72, (20)

by substitution of equation (16) into equation (15), profits, respectively, are
equal where:

K2 - 20 * K + 100 = 0.5 *  K2 - 12 *  K + 72 or, more conveniently, where:
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0.5 *  K2 - 8 *  K + 28 = 0. (21)

Solving the quadratic for the critical value for K:

K = 5.17.10 (22)

With respect to the results of the single-price alternative to 3rd-degree price
discrimination, profit for the typical single-price solution is greater than prof-
it for the substitute single-price solution for values of average and marginal
cost set near, but less than, 5.17: and less than profit for the substitute sin-
gle-price solution for values of average and marginal cost set near, but greater
than, 5.17. Profits are equal, of course, for average and marginal cost set equal
to 5.17. As such, the textbook method of solution typically presented for the
single-price alternative to price discrimination is, indeed, unreliable with
respect to the determination of maximum profit for values for marginal cost
set near, but greater than 5.17 for the example referenced above. The accept-
ability of the typical method of solution is, in general, sensitive to the choices
of values for parameters of the revenue and cost functions for problems pre-
sented. Sometimes it is correct, sometimes it is not.

By observation of Figures 2A and 2B it is obvious, where average and
marginal cost are greater than 6, but even less than 8, that the typical method
of solution for single-price results is unreliable with respect to the level of
maximum profit. The output and price results, i.e. 4 < q < 8 and 10 > p > 8,
imply the relevance of market R, only, even though output is specified at the
intersection of the marginal cost curve and the summed marginal revenue
curve, MRs, under the typical method of solution. It is not obvious, however,
where average and marginal cost are less than 6, but greater than 5.17, that
the typical method of solution for single-price results is unreliable with respect
to the level of maximum profit, even though it is, indeed, unreliable.

In the absence of knowledge of such a critical value of K, it is unreliable
to present the typical single-price solution as a correct solution with respect
to the determination of the level of firm output, price, and maximum profit. In
such an absence, typical and substitute single-price solutions as alternatives
to solutions under 3rd-degree price discrimination must otherwise, them-
selves, be compared as a first step of a more thorough method of solution. If
πtypical single is greater than πalternative single as a first step, then the typical method
of solution is acceptable as an appropriate method of solution. If πtypical single is
less than πalternative single as a first consideration, then the typical method of
solution is unacceptable as an appropriate method of solution. Under such a
condition, the more thorough method of solution should be used as the reli-
able single-price alternative for comparison to the results under price dis-
crimination. Although different texts consider different comparisons to the
single-price alternative dependent on the number of markets served, that pre-
sumption about the number is premature to the arbitrary, but specific choice
of values of parameters.
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Therefore, even though a reliable solution can be computed in the absence of
knowledge of such a critical value of K by comparisons as indicated above,
knowledge of the critical value of K provides the opportunity for a direct and
efficient determination of a reliable solution. For MC less than the critical
value, use the typical method of solution. For MC greater than the critical
value, use the substitute method of solution.

Accepted for publication: 2 December 2015

ENDNOTES

1. Melvin Borland (corresponding author), Department of Economics, Western
Kentucky University, Bowling Green, KY 42101, U.S.A. E-mail:
melvin.borland@wku.edu; Phone: (270) 745 3112; Fax: (270) 745-3190. Roy Howsen,
Department of Economics and Finance, Delta State University, Cleveland, MS 38733,
U.S.A. The authors value the comments on an earlier version of the paper from each of
two anonymous referees.

2, For example, see Smith and Formby (1981), Varian (1985), Stigler (1987), and
Hausman and Mackie-Mason (1988).

3. Although there are, indeed, several degrees of price discrimination, the analysis in
this paper is limited, of course, to 3rd degree price discrimination. In particular, see
Smith and Formby (1981).

4. For example, see Carroll and Coates (1999), Jeitschko (2001), Kwon (2006), Round
and McIver (2006) and Hirschey (2009).

5. Although the standard practice of parameterised equations has been followed, a
generalised version will be made available as an electronic appendix on the journal
website.

6. Many other parameterised equations for demands in the various markets may, of
course, be considered. For such other parameterised equations, critical values, dis-
cussed later in this article, can be computed by analogy.

7. The horizontal summation of the marginal revenue curves is not required given that
marginal cost is assumed in this paper to be equal to a constant, K. The quantity pro-
duced for sale to any one group does not affect the marginal cost of the quantity pro-
duced to any other group. Nevertheless, it is typical of texts to do so.

8. Total output under both price discrimination and the single-price alternative to price
discrimination are typically observed to be equal. Justifications of this result are made
by reference to the condition that marginal cost is equal under each pricing condition.
This, too, is unreliable with respect to the level of maximum profit, dependent on arbi-
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trary, but specific choices of values for parameters of revenue and cost functions and,
also therefore, at least non-general.

9. Note that the typical single-price solution, unreliable for the determination of the
level of output and maximum profit for the single-price alternative to which the results
under price discrimination may be compared, is logically inconsistent with respect to
the conditions for profit maximisation. Where K = 6 and qr is set at 8, associated mar-
ginal revenue, MRr, is less than marginal cost.

10. Extended, critical K = 5.17157287525381.
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