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1. INITIAL CONDITIONS AND STANDARD PRACTICE

In standard practice, to establish a basis for comparison, consider conditions
in which the demands in markets, R and S, are given, for example, by gener-
al, parameterised equations, such as:

1
pr=ar_br*qr ()

and

DPs=0as-bs *qs, ()

where p, and p, are prices per unit and g, and g, are individual market quan-
tities in markets, R and S, respectively. For ease of exposition, let average and

marginal cost be equal to a constant, K. As such, associated profit under 3rd-
degree price discrimination, T jriminations 1S defined by the equation:

Tgiscrimination =Pr * dr + Ps * ds - K * (g, + q4). (3)

Note the various solutions, described below.
For profit-maximisation under 3rd-degree price discrimination, the
partial derivatives of the defined profit function with substitution:
Tdiscrimination = (ar - br * qr) * qrt+ (as - bs * ds ) * qs - K* (Qr + qs) (4)
with respect to g, and g are set equal to zero and are as given below:

a77:dz"scrimimm'on/aqr = ar - gy -K=0 (5)
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and

O Tiscrimination /0 ds = Qs - qs - K =0. (6)
Solving:
4 -a - K (7)
and
qs = as-K, (8)

provided that g, and g, are equal to or greater than O.

2. A PERFUNCTORY DESCRIPTION OF THE TYPICAL SINGLE-PRICE SOLUTION
Where associated profit is represented by the symbol, 74 singies Profit is given

by the expression:
T typical single = (a,- b, *q)*q,+(as-bs *qg *qs - K* (g, + q)- 9)
The partial derivatives of the Lagrange-expressed profit function:

T typical single = (a, - b, *q;) *q, + (as - bs * QS) *qs - K *(gy + qs) (10)
- A *((ar - br * qr) '(as - bs * qs))

with respect to q,, gq,, and A, the Lagrange multiplier, set equal to O are as
given below:

a"ttypicalsingle /dq,=a,-2b.*q,-K+ L*b,=0, (11)
aﬂ"twtzl'calst'ngle [/0gs=as-2bs*q,-K- A*bs=0, (12)

and
aTttypicalsingle/a;t= a,- b, *q,-as+ bs *qs=0. (13)

The Lagrange-expressed profit function, eq. (10), sets Ty single €qual to the

sum of revenues less total cost, as defined in eq. (9), and embodies the con-
straint that the prices in each market must be equal, that is , that (a, - b, *

q,) - (as - bs * g¢) = 0. Solving:
qr = (ar -agt (bs/br) * ((ar - K)/Q) + (as - I{)/Q)/(br + bs) (14)

and
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qs = (-a, + as + (b,/ by) * ((as - K)/2) + (a, - K)/2)/(b; + by) (15)
provided that g, and g, are equal to or greater than O.

3. A MORE THOROUGH SINGLE-PRICE METHOD OF SOLUTION AS AN ALTERNATIVE TO
3RD-DEGREE PRICE DISCRIMINATION

The derivative, and this is the important insight in this paper, set equal to O,
as a first consideration, of the one-market profit function,

Talternative single = (a, - b, *q)*q,-K *q,, (16)

with respect to g,, only, is as given below,

analtemativesingle /aqr =a,-q,- K=0. (17)

Solving:
g, =a,- K, (18)

provided that g, is equal to or greater than O.

Note, therefore, that by comparison the typical single-price solution
can be shown to be unreliable as a measure of the level of maximum profit
obtainable for a single-price alternative, in that respective values for the sum
of g, and g, from the typical solution and for g,, only, from the substitute solu-

tion, result in profits that are greater, for some values of K, but less for oth-
ers, than that associated with the substitute single-price solution; dependent,
of course, on the specific choice of values for the parameters of the cost func-
tion, i.e., for values of K, given demands for markets, R and S. As such, for
some values of K, the typical single-price solution results in a profit value that
is greater than that associated with the substitute single-price solution. For
other values, profit for the typical single-price solution is less than that asso-
ciated with the substitute single-price solution, where g,, only, is produced. As
such, the typical single-price solution and the substitute single-price solution
are alternatively unreliable with respect to the level of maximum profit,
dependent on the arbitrary, but specific choice of values for K for the cost
function, given demands for markets, R and S, and, therefore, at least non-
general. More generally, and as instruction for course presentation, where 7y,

ical single 1S greater than Typemasive singles take the typical single-price solution as the
solution for the more thorough single-price solution. Where Tty single is less
than Tygemaive singles T€Place the typical single-price solution as the solution with

the substitute single-price solution for the more thorough single-price solu-
tion.



4. THE CRITICAL VALUE
At this point, profit for the typical single-price solution is now computable by
substitution of equations (14):

qr=(a, - ag + (b/b;) * ((a, - K)/2) + (a5 - K)/2)/ (b, + by), (14)
and (15):
qs = (_ar + ag + (br/bs) * ((as - K)/2) + (ar - K)/Q)/(br + bs)’ (15)

into equation (9):
Typical single = (Ar = by * @) * g, + (a5 - bs * q5) * g5 - K* (g, + g), (9)
which was given by:
Tyypical single = K2 - 20 * K+ 100 = 0, (19)

in the original article. Profit for the alternative single-price solution is given by
equation (16):

Taiternative single = (a.-b,*q)*q,-K *q,, (16)
which was given by
Talternative single = 0.5* K2 -a,* K+72 (20)

in the original article. Profits, respectively, are equal depending on K.

With respect to the results of the single-price alternative to 3rd-degree
price discrimination, profit for the typical single-price solution is greater than
profit for the substitute single-price solution for values of average and mar-
ginal cost set near, but less than the critical value that equates profits and less
than profit for the substitute single-price solution for values of average and
marginal cost set near, but greater than the critical value. Profits are equal, of
course, for average and marginal cost set equal to the critical value.



